Abstract. In this paper, we show that a commutative Noetherian ring which satisfies the radical formula must be of dimension at most one. From this we give a characterization of commutative Noetherian rings that satisfy the radical formula.
Introduction
It is well known that the set of nilpotent elements of a commutative ring forms an ideal and is equal to the intersection of all the prime ideals. The above notion has been generalized by R. L. McCasland to modules. Unfortunately, not every module satisfies McCasland's radical formula. This paper looks at commutative Noetherian rings which satisfy McCasland's radical formula.
In this paper, all the rings are commutative with 1 and all the modules are unitary and not necessarily finitely generated. Let M be a module over the ring R. A submodule P of M is called a prime submodule of M if (i) (ii) whenever r e R and m E M\P with rm E P, then rM g p.
It is clear that if P is a prime submodule of M, then Ann R (M/P), the annihilator of M/P over R, is a prime ideal. We say that P is a ^P-prime submodule of M if P is a prime submodule of M with 9$ = Ann R (M/P). It is clear that the prime submodules of the R-module R are precisely the prime ideals of R. Prime submodules have been studied in [1] and [7] .
Let iV be a submodule of M with N¥>M. The radical of N in M, denoted by M-radfl N, is defined to be the intersection of all prime submodules of M containing N. If there is no prime submodule containing N, then we put M-rad* N = M. The envelope of N in M, denoted by E M (N), is defined to be the set {rm :r E R and m e M such that r"m e N for some natural number n s 1}.
It is clear that (E M (N)), the submodule generated by E M (N)
, is contained in M-rad R N. As in [6] , we say that N satisfies the radical formula (TV s.t.r.f.) in M if A/-rad R N = (E M (N)). M s.t.r.f. if every submodule of M s.t.r.f. in M. A ring R s.t.r.f. if every R-module s.t.r.f.
The question of what kinds of modules s.t.r.f. has been considered in [2] - [6] . The main objective of this paper is to classify all the Noetherian rings which s.t.r.f. Prior to this paper, all known Noetherian rings which s.t.r.f. are of dimension at most one. It suggests that only those Noetherian rings of dimension at most one can s.t.r.f. This will be proved in Section 2. If a Noetherian ring is of dimension zero, it is then Artinian. We shall prove in Section 3 that all Artinian rings s.t.r.f. That leaves us with only Noetherian rings of dimension one. In Section 4, we shall deal with the local case. In Section 5, we prove our main theorem which is stated as follows. (ii) For k = 1,2,... ,n -1, ( f ) *Pi) + *P* + i = f) OP/ + $* + i), ifn*Z (iii) For all 1 < i <j ^ n, R = ^, + $, or fl/Ofr + %) is semi-simple Artinian, ifn>2.
Some preliminary results.
We first fix the following notation for the rest of this paper. . If r, E /, then r,Ci e I. Suppose that r, e 3ft \ I. We now show that c, e 3ft. Suppose not. From (ii) above, we would have r, e rad Ra and r"'{ad t -bc t ) = 0. Hence b e Ra + (Ann* r?') D (/?a + Rb), which is a contradiction. Therefore, we must have c, e 2ft and hence /-,<:, e 3ft 2 .
• Note that for the remainder of this section, R is not necessarily local. COROLLARY 
Suppose that R 2 s.t.r.f. as an R-module, d i m f l^l and $ is a minimal prime ideal of R. Then ^ is the only ^-primary ideal of R and Rl^ is a Dedekind domain. In particular, R is a Dedekind domain if R is a domain.
Proof. We first assume R is local with maximal ideal 3ft and R is ^3-primary. To prove our desired result, we only need to show R is a DVR.
As dim/?>l, 3ft *% Thus, we can choose a e 3ft \ (3ft 2 + <£). If 3ft *Ra, then we can choose b E 3ft\/?a. Let / = ty. As ty is the set of all zero-divisors of /?, the condition (*) of Theorem 2.2 is now satisfied. By Theorem 2.2, we get a E 3ft 2 + ty. This contradicts our choice of a. Theorem 3ft = Ra and hence R is a DVR.
We now go back to the general case. Let /' be a ^-primary ideal. By Proposition 2.1(ii), /?//'©/?//' s.t.r.f. as an ^//'-module. In view of Proposition 2.1 (iv) and the result proved earlier, we see that R/I' is a Dedekind domain. In particular, /' = 5| 8 and dim /?//' = dim R = l.
• In [2] , Jenkins and Smith proved that any Dedekind domain s.t.r.f. (see [2, Theorem 9] ). In the same paper, they also give a partial characterization of Noetherian domains which s. Next, we prove a key result which allows us to reduce to the case when rad 0 = 0. This result can also be viewed as a partial converse to Proposition 2.1(ii). PROPOSITION Proof. Let 5JJ lt ... , $ r be all the minimal prime ideals of R. As R is Noetherian, a reduced primary decomposition of the zero ideal can be written as follows: o=/i ny 2 n... nj r n /, n i 2 ... n /", where each 7, is a $,-primary ideal and /, is an 3ft,-primary ideal, for some maximal ideal 3ft,. By assumption /, = $,. Therefore, we get 0 = rad 0 n A n 7 2 ... n /".
As Ii is 3ft,-primary, we have 3ft* 1 £7,, for some large enough natural number k h Our desired result now follows.
• DEFINITION. Let $$ be a prime ideal of R, where R is not necessarily Noetherian. Suppose M is an i?-module. We define M($) = {m E M:sm G $Af for some s e R Next, we recall a result which was proved implicitly in both [1] and [7] . Proof. By Theorem 3.4, we may assume that R is local Artinian with maximal ideal 2ft. As rad 0 = 3ft, fl/rad 0 is a field and therefore s.t.r.f. On the other hand, since 3ft" = 0 for some positive integer n, R s.t.r.f. by Proposition 2.5.
• 4. The s.t.r.f. condition on one dimensional local rings. Throughout this section, we shall assume that R is a one dimensional local ring. We shall give a necessary condition for R to s.t.r.f.
Let 3ft be the maximal ideal of R and ty u ^8 2 > • • • > *Pn a U the minimal prime ideals of R. In Corollary 2.7, we have already dealt with the case when n = 1. We may therefore for all 1 < /,/ ^ n with i ¥>j. The notation above is fixed throughout this section. Proof. Suppose that 3ft = /< + 5g,, for some 1 < j < n. Let 1 < / < n with ; # / be given. By assumption, we have 3ft = Iy + *£,. Let a,, e I,j. Then a,, = a ( + p it for some a, e /,,/>, E $,. It follows that p t = o /; -a, e 7 ; . Hence a, y e // +1 } . Therefore l ti c /, + 7 ; . Clearly, /// 2 // + 7, and so we have I tj = // + Ij. By assumption, we have 3ft = 7,;, + $,. Substitute for 7, ; and note that 7, £ %, we get 3ft = 7, + 7 y + $Py = 7 y + g? y .
Using the above argument, we easily get (i) ^ (ii), (ii) =£> (iii) and (iv) =^ (i). Lastly, it is trivial that (iii) =£> (iv).
• Note that the assertion of Lemma 4.1 holds for arbitrary rings, not necessarily Noetherian; also 3ft and $,'s need not be maximal and prime ideals respectively. Suppose n =2. In this case, 7i = $ 2 and / 2 = *Pi. It remains to show that 3ft = 5£, + ^2. As R/^2 is a DVR, we have 3ft = Ra + % 2 , where a e 3ft \ % 2 . As n > 2, /? is not a DVR and 3ft */?a. Choose b eWl\Ra. Let JC e (rad 7?a) \ (^j + 5p 2 ). As ^ U s £ 2 contains all zero divisors of 7?, we have Ann^x" = 0, for all n sN. By Theorem 2.2, a e 3ft 2 + ^ + $ 2 . It follows that 3ft = 3ft 2 + 5& + $ 2 . By Nakayama's lemma, we get aft = * , + ^2.
Suppose n s 3 . For each j = 1,2,...,n,R/I t is a one dimensional reduced local ring. By Proposition 2.1(ii), we also know that each R/I^R/Ii s.t.r.f. as an #// r module. By applying the induction hypothesis to each R/Ij(BR/I h we get (i) fori = l,2,...,n,3ft= £ /,*,
(ii) for all 1 < i,j < n with i ¥>j, % = 7, + 2 I jk and I v = Rx^ + I h for some x, } e 3ft. 
Suppose 3ft T^ /" + S(S n . By Lemma 4.1,
Itj^It + Ij, for alii 9*/. Then R s.t.r.f. By Theorem 5.1, we now show the converse of Theorem 4.2 is true when 7? is reduced. Set /, = $,-. Then (iii) and (iv) are automatically true as $, + /, = 3ft. Finally, observe that 3ft/$, is generated by x t + %. Therefore 7?/^, is a DVR. Hence, 7?. s.t.r.f.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. By Theorem 3.5, we may assume 7? is not Artinian. Thus, we may assume dim 7? = 1, by Corollary 2.4. In view of Corollary 2.7, we may also assume n>2.
Assume 7? 2 s.t.r.f. as an 7?-module. By Corollary 2.3, (i) is satisfied. Under localization at any maximal ideal 3ft of 7?, ^,7?^ = 7?^ if 5)3,^ 3ft and $,•/?»? remains prime otherwise. By Theorem 4.2, (iii) holds in 7?^, and that both sides of the condition (ii) become SftT?^ if 3ft contains ^* + 1 and %, for some i with 1 < / < ^. Otherwise, both sides will be equal to 7?^. Hence (ii) and (iii) hold globally.
Suppose (i), (ii) and (iii) hold. By Proposition 2.5 and 2.6, we may then assume rad 0 = 0. Now all the conditions required in Theorem 5.1 are satisfied. Hence 7? s.t.r.f. D
It is not difficult to see that (ii) and (iii) holding in Theorem 1.1 is equivalent to the condition that for each i, 7? = $, + H % or 7?/(^, + p | %) is semi-simple Artinian. (For a proof, one needs only to consider the localization of 7? over every maximal ideal.) Furthermore, in the proof of necessity of Theorem 1.1, we only need to assume 7? 2 s.t.r.f. We have therefore obtained the following result.
